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SUFFICLENT CONDITIONS FOR STABILITY "I3 THE LARGE" O F  

A NONLINEAR SYSTEM O F  D-IAL EQUATIONS 

By Jerrold H. Suddath 
Langley Research Center 

SUMMARY 

An analy t ica l  study has been made of a problem proposed by the  Russian 
mathematician, M. A. Aizerman. The problem, which has significance i n  the 
theory of automatic control, concerns the  s t a b i l i t y  " in  the large" (i.e.,  
every motion converges t o  a stable-equilibrium state as time approaches 
in f in i ty )  of dynamic systems described by nonlinear d i f f e r e n t i a l  equations 
of a par t icu lar  form. I n  proposing the problem, Aizerman made an asser t ion 
based on a l inea r  analogy t o  a nonlinear system and s ta ted the des i r ab i l i t y  
of obtaining e i the r  proof o r  r e f i t a t i o n  of the  assertion. 
paper i s  t o  show that Aizerman's asser t ion i s  t r u e  f o r  cases i n  which the  
region of s tab le  gains ( fo r  the analogous l i n e a r  system) has a cer ta in  property. 

The purpose of t h i s  

INTRODUCTION 

I n  the study of automatic control systems, it i s  often desirable t o  ascer- 
t a i n  the  conditions under which every motion converges t o  a stable-equilibrium 
s t a t e  as time approaches in f in i ty .  The l a t t e r  s i tua t ion  has been referred t o  
as s t a b i l i t y  " in  the  large" by Aizerman ( r e f .  1) , and h i s  terminology w i l l  be 
used hereinaf ter  i n  the  present report .  
of t h i s  sor t  w a s  proposed; an asser t ion  was made based on a l inea r  analogy of 
the  nonlinear system, and it w a s  deemed desirable t o  obtain e i the r  proof o r  
refutat ion of the  asser t ion.  Special cases and examples of t h i s  problem i n  
the  theory of automatic control systems were t rea ted  i n  reference 2. 

In  reference 1 a par t icu lar  problem 

The purpose of t h i s  paper i s  t o  show tha t  t he  asser t ion i s  t rue  f o r  cases 
i n  which the  region of s table  gains ( fo r  the analogous l inear  system) has a cer- 
t a i n  property. 
prove his asser t ion by the  Second Method of Lyapunov. This negative r e su l t  sug- 
gested t h a t  a d i f fe ren t  approach should be taken i n  the  analysis,  and the proof 
presented herein i s  based on an application of Gronwall's lemma (see re f .  3 ) ,  
ra ther  than the Second Method of Lyapunov. 

I n  reference 1 it w a s  pointed out t h a t  Aizerman was unable t o  

SYMBOLS 

n by n matrix of constant coeff ic ients  PI 



a 

"ij 

C 

+ 
ei 

( xk) J g ( xk ) 
-B 
X 

11;;'ll 

U 

a ' = a + 6  

P 

P ' = P - S  

6 

h 

Subscript: 

0 

parametric control  s ens i t i v i ty  or gain 

element i n  i t h  row and j t h  column of [A] 

constant associated w i t h  norm of e Eil t 
i t h  column of i d e n t i t y  matrix 

n by n t r ans i t i on  matrix 

sca la r  functions of xk 

n-dimensional state vector 

n 

norm of vector 2 7  1 lxil 
i =l 

norm of matrix .'It, equal t o  sum of absolute values of matrix 
elements 

lower s tabi l i ty  l i m i t  on a 

upper s t a b i l i t y  l i m i t  on a 

defined by 0 < 6 < .&j3 1 - a)  

minimum of absolute values of real p a r t s  of eigenvalues of h] 

i n i t i a l  condition 
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ANALYSIS 

Statement of Problem 

Consider the  system of l i n e a r  d i f f e r e n t i a l  equations, 

x1 = 

- xi - 

j =1 

2 
j =1 

where k i s  some integer  between 1 and n.  

For the  given constants a i j ,  i, j = 1, 2, . . . n and f o r  any value 
of a i n  t h e  in t e rva l  a < a < p, l e t  all the  roots  of the  charac te r i s t ic  
equation of system (1) have negative r e a l  pa r t s .  

Assertion.- The nonlinear system (analogous t o  system (1)) given by 

x1 - - yjxj i- f(xk) 
j = l  . 

J n 

; c . ~  = 1 aijxj  
j =1 

(i = 2,  3 ,  . . . n) 

i s  asymptotically s tab le  i n  the  large if t h e  or ig in  i s  the  only equilibrium 
point and i f  f (xk )  
t h e  following conditions : 

i s  any single-valued continuous function that satisfies 

f (0 )  = 0 
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The problem here i s  t h a t  of f inding conditions under which the  asser t ion i s  
t rue .  

Reformulation of problem.- I n  attacking t h i s  problem, it w a s  found conven- 
i en t  t o  make the  following def in i t ions  and changes i n  notation: 

With these def ini t ions,  system (2) can be wri t ten as 

Now, define [i] by 

where zk* i s  the  k th  row of the iden t i ty  matrix. 

Then equation ( 3 )  can be wri t ten as 

(4) 2 = [A]x " +  + 21g(%) 

where, by def ini t ion,  a l l  the  eigenvalues of b] have negative real p a r t s  and 
g(xk) satisfies g(0) = 0 ,  and where 
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For brevi ty ,  l e t  

K =$j3 - a) > O  

and note t h a t  

where 

Furthermore, note t h a t  there  e x i s t  posi t ive constants c and A, such t h a t  

Derivation of Suff ic ient  Conditions 

It i s  wel l  known t h a t  the  solution of equation (4) can be wri t ten a s  
follows (see r e f .  3 ,  fo r  example): 

which, from elementary inequa l i t i e s  of norms, leads  t o  

where c* = cll?oll . From equation ( 5 )  it follows t h a t  

A version of Gronwall’s lemma, which i s  given i n  the appendix, can be applied 
t o  equation (6) t o  obtain 
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or  

which shows t h a t  Aizerman's asser t ion  i s  cer ta in ly  t r u e  i f  A - Kc > 0 o r  
K < A/C;  or, i n  terms of a and p, 

p < a + ~ A / C  

It should be recal led t h a t  A/c depends on &(a + p ) .  
2 

It should be pointed out t h a t  inequal i ty  (7) shows tha t  it i s  possible t o  
f (xk)  s a t i s f i e s  the se lec t  i n t e rva l s  (a' ,P')  such t h a t  t h e  asser t ion  holds i f  

conditions a'xk2 < xkf(xk) < p1xk2 and f ( 0 )  = 0 .  

the  f a c t  t h a t  i f  inequal i ty  (7) were not s a t i s f i e d  by a and p, t he  e n t i r e  
analysis  could be repeated with a and p replaced by 

This r e su l t  follows from 

and 

respectively,  where 6 s a t i s f i e s  t he  condition tha t  

. o < s < % p - a )  2 

and condition (7) would be replaced by ' p '  < a' + 2A/c, which could be s a t i s f i e d  
by proper choice of 6. (Note that A/c does not change.) This resul t  i s  i n  
agreement with the r e s u l t s  s ta ted  i n  reference 1, which a l s o  points  out t h a t  
a < a' < P '  < p so t h a t  t he  in t e rva l s  (a ' ,P ' )  form only pa r t  of the in te rva l  
(a ,  P I  
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The r e s a t  of th i s  analysis  i s  the  f a c t  t h a t  Aizerman's asser t ion i s  t rue  
f o r  systems with constants a and p sa t i s fy ing  inequal i ty  (7).  

CONCLUDING REMARKS 

An ana ly t ica l  study has been made of a problem proposed by the  Russian 
mathematician, M. A. Aizerman, which concerns the s t a b i l i t y  "in the  large" 
( i . e . ,  every motion converges t o  a state of s tab le  equilibrium as t i m e  
approaches i n f i n i t y )  of dynamic systems described by nonlinear d i f f e r e n t i a l  
equations of a pa r t i cu la r  form. T h i s  problem has significance i n  the  theory of 
automatic control systems. By thk application of Gronwall's lemma, ra ther  than 
t h e  Second Method of Lyapunov, it w a s  shown t h a t  with an addi t ional  proviso, an 
asser t ion  regarding t h i s  problem i s  t rue .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley S ta t ion ,  Hmpton, Va., March 3 ,  1964. 
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APPENDIX 

A VERSION O F  GRONWALL’S LEMMA 

A version of Gronwall’s lema (see ref. 3) i s  presented here. Suppose the 
continuous function @(t), f o r  t 2 0,  satisfies 

o 6 @ ( t )  5 c + m @(s)ds  Lt 
where c and m are posi t ive constants; then @ ( t )  6 cemt. 

From equation (a), it follows that Proof: 

o r  

Integrat ing both sides of equation (A2) from 0 t o  t gives 

or  

c + m s , ”  @ ( s ) G  5 cemt 

From equations (Al) and (A3) it follows t h a t  

as w a s  t o  be shown. 
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NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS 

TECHNICAL .REPORTS: 
important, complete, and a lasting contribution to existing knowledge. 

TECHNICAL NOTES: 
of importance as a contribution to existing knowledge. 

TECHNICAL MEMORANDUMS: Information receiving limited distri- 
bution because of preliminary data, security classification, or other reasons. 

CONTRACTOR REPORTS: Technical information generated in con- 
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NASA activities but not necessarily reporting the results .of individual 
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proceedings, monographs, data compilations, handbooks, sourcebooks, 
and special bibliographies. 

Scientific and technical information considered 

Information less broad in scope but nevertheless 

Details on the availability o i  these publications may be obtained from: 

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION 
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